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Abstract-A formal, unified method is used to derive two sets of approximate equations governing the 
thermally driven motion ofstrongly heated fluids. Account is taken of the temperature dependence ofthe fluid 
properties: The limits considered correspond to :(a) a strongly heated, shallow fluid; and(b) a strongly heated, 
deep liquid with a small coefficient of volume expansion. Two additional limits that are considered correspond 
to : (c) a weakly heated, deep fluid ; and(d) a weakly heated, shallow fluid. For cases (a),(c) and(d), use is made of 
two basic expansion parameters : the nondimensionalized depth E of the fluid and the nondimensionalized 
strength 6’of the heat source distribution. Case (a) corresponds to E c< 1; the resulting equations govern the 
temperature, density and pressure to lowest order. The lowest order pressure is uniform but time dependent. 
Case (c) corresponds to 6’ <c 1. The unperturbed state for this case is taken to be steady and quiescent; this 
restricts it to the so-called adiabatic state. Case(d) is obtained from the results ofcase (c) by also taking E << 1. 
The resulting equations constitute the Boussinesq approximation, and are valid independent of the relative 
magnitude of 6’and a. An arbitrary temperature gradient of order 6’ can be added to the unperturbed state of a 
weakly heated fluid. For the case of a weakly heated, shallow ideal gas maintained at constant volume and 
heated throughout the volume, the equations account for the effect of perturbation pressure on perturbation 
density and on compression heating. Case(b) yields an energy equation that is significantly different from that 
for case(d). When applied to a liquid under normal conditions, case(b) leads to the Boussinesq equations with 
temperature-dependent fluid properties. The sets of equations obtained all are based on a characteristic 
velocity that is vanishingly small compared with the speed ofsound. As a result, the equations do not contain 
acoustic waves, and their numerical solution is no more difficult than that of incompressible flow equations. 

1. INTRODUCTION 

THE EQUATIONS governing the thermally driven motion 
of fluids have been the subject of many investigations. 
In principle, the motion can be determined by solving 
the fundamental equations dffluid dynamics. However, 
the solution of these equations presents formidable 
problems in practice. Various authors have proposed 
simplified, approximate sets of equations that are 

applicable to many problems of practical interest. 
There exist sets applicable to gases and liquids, weakly 
heated either by a prescribed temperature difference or 
by a distributed source, with viscous effects either 
restricted to thin layers or dominating the entire flow. 
Most of these are restricted to ‘shallow’ fluids, i.e. fluids 
with a depth much smaller than the characteristic 
hydrostatic length scale. Finally, there are sets 
applicable to shallow, strongly heated fluids, i.e. fluids 
in which the heating causes large perturbations in 
density. 

Classical papers presenting simplified, approximate 
sets of equations are those of Oberbeck [l, 21 and of 
Boussinesq [3]. The results obtained by the latter have 
become widely accepted, and are referred to as the 
Boussinesq approximation. The earlier result of 
Oberbeck [I] is nearly the same as the Boussinesq 
approximation, the only difference being that 
Oberbeck retained density variations in the continuity 
equation. These variations now are known to be of 

higher order, and hence negligible. An early application 
of the Boussinesq approximation was that of Rayleigh 
[4], who considered the growth of modes of 
disturbance in a thin layer of liquid heated from below. 
Jeffreys [S] showed that for the case ofagas, the thermal 
driving term in the Boussinesq approximation is 
proportional to the, excess of the actual temperature 
gradient over the adiabatic temperature gradient. 
Ogura and Phillips [6] analyzed the time scales 
involved in the Boussinesq approximation. They 
concluded that these pertain to gravity waves, while 
excluding high-frequency acoustic waves. 

During recent years, various authors have re- 
examined the precise conditions under which the 

Boussinesq approximation is valid. Spiegel and 
Veronis [7] re-examined the case of a gas by 
introducing conditions involving orders of magnitude. 
They concluded that the validity conditions are :(a) the 
vertical dimension of the gas is much less than any scale 
height; and (b) the motion-induced fluctuations in 
density and pressure do not exceed, in order of 
magnitude, the total static variations of these 
quantities. Gebhart [S] and Plate [9] used similar 
methods and arrived at similar conclusions. Milhaljan 
[IO] used a perturbation approach to re-examine the 
case ofa thin layer of liquid. He showed rigorously that 
the Boussinesq approximate equations can be obtained 
as the lowest order of an expansion in powers of two 
nondimensional parameters. One of these parameters 
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NOMENCLATURE 

B, C, C,, C, constants order of 1 B characteristic velocity 

c, (PJP,)"~ ratio of specific heats 

c, specific heat at constant volume, ; volume, nondimensionalized by I? 
nondimensionalized by c,, 6 a,,$,,, times nondimensionalized 

CP specific heat at constant pressure, strength 6’ of heat source [equation 
nondimensionalized by cpm (6)] or of temperature difference 

Y acceleration of gravity [equation (9)l; B’/W) 
Gr Grashof number, see equation (1 la) 6’ WLl%J 

and (llb) & nondimensionalized depth, gL/c,f, 
IC unit vector in z-direction B temperature 
K isothermal compressibility, A0 temperature difference 

P - l (W~P)e K thermal conductivity, 
L length scale nondimensionalized by K, 

Pm pressure p dynamic viscosity, nondimensionalized 
P pressure, nondimensionalized by pm by ~(m 
Pr Prandtl number, ~c~/K V kinematic viscosity, p/p, 
Q rate of heat addition per unit volume nondimensionalized by v, 

nondimensionalized by Q, P density, nondimensionalized by pm 
t time, nondimensionalized by L/b z viscous part of stress tensor, 
T temperature, nondimensionalized by nondimensionalized by p&L 

&l 4 zl/(c,,4J. 
B velocity, nondimensionalized by fi 
Z vertical coordinate, Subscripts 

nondimensionalized by L. m constant dimensional quantities, used 
in the nondimensionalization of 

Greek symbols equations 
a coefficient of volume expansion, z component in the z-direction 

- p ‘@P/W, 0, 1,2 order in perturbation expansion. 

is the nondimensionalized coefficient of thermal 
expansion, while the other involves the thermal 
diffusivity and the specific heat; neither parameter 
explicitly contains the scale height. A similar approach 
was followed by Malkus [l 1,121, who emphasized the 
case of a perfect gas. Malkus used two other small, 
nondimensional parameters : the ratio of the physical 
depth to the hydrostatic adiabatic depth, and the 
maximum relative temperature variation. Malkus took 
the hydrostatic adiabatic field as the unperturbed state. 
Calder [13] showed that the temperature gradient of 
the unperturbed state may be chosen arbitrarily, and 
specified the resulting changes in the Boussinesq 
equations. Cordon and Velarde [14] presented a 
detailed analysis of the approaches followed by 
Milhaljan [lo] and Malkus [12]. Following Malkus, 
they took the hydrostatic adiabatic field as the 
unperturbed state. Cordon and Velarde found a 
solution for this field that is applicable to a certain class 
of liquids and gases. They choose two expansion 
parameters that were of the same order numerically for 
typical situations of interest. The work of Gray and 
Giorgini [lS] also is applicable to both liquids and 
gases. They nondimensionalized the basic equations, 
and considered the values of the dimensionless 
parameters that occur in various terms. Based on this 

consideration, they presented equations for two orders 
of approximation. One of these applies to shallow 
fluids, and leads to the set of equations originally 
presented by Boussinesq [3]. The other one is valid also 
for deep fluids,and contains additional terms. Gray and 
Giorgini referred to these sets as the ‘strict’ and the 
‘extended’ Boussinesq approximation, respectively. 
They presented plots showing the regions of validity of 
each set for both water and air. Dutton and Fichtl[16] 
and Gough [ 171 derived results for weakly heated, deep 
fluids. These results were extended by Kovshov [ 181 to 
the case that the reference field has time-dependent 
variations in the direction of gravity. Forester and 
Emery [ 191 considered free convective flows of fluids 
with large density gradients in the absence of acoustic 
waves. Rehm and Baum [20] derived an approximate 
set of equations for the thermally driven flows of gases 
with large density gradients in the absence of heat 
conduction and viscous effects. Paolucci [21] showed 
that approximate equations governing thermal 
convection in gases can be derived by considering the 
limit of small Mach number. The relations between the 
results of previous workers and those of the present 
paper are discussed in some detail in the Appendix. 

Equations applicable to the thermally driven motion 
of geophysical fluids in the earth’s mantle have been 
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presented by Turcotte et al. [22-241, Velarde and 

Cordon [25], and Oxburgh and Turcotte [26]. Geo- 
physical fluids have a very large viscosity and are at a 
very high pressure. The motion of such fluids can best 
be treated by scaling the dimensional quantities so as to 
account for the dominance of viscous effects over 
inertial effects. Fluids of this kind are left out of the 
account in the present work. 

The main purpose of the present paper is to consider 
the motion ofstrongly rather than weakly heated gases 
and liquids. In other words, the temperature and 
density variations are allowed to be large. Approximate 
equations applicable to this case are derived in the limit 
of a small ratio of the physical depth to the hydrostatic 
scale depth (strongly heated, shallow fluid, Section 3). 
The resulting equations are no more difficult to solve 
numerically than the Boussinesq equations. 

The method used also is applied to fluids of arbitrary 
depth. These can again be treated by requiring only one 
parameter to be small. This parameter is either the 
maximum relative temperature variation (Section 4, 
applicable to both liquids and gases), or the coefficient 
of thermal expansion nondimensionalized by the 
maximum temperature variation (Section 6. applicable 
to strongly heated, deep liquids). The resulting 
equations are another generalization ofthe Boussinesq 

approximation. For a liquid as well as for a shallow gas 
maintained at constant average pressure, the equations 
of Section 4 reduce to the Boussinesq approximation 
(Section 5). 

2. BASIC EQUATIONS 

The problem under consideration is governed by the 
fundamental equations of fluid dynamics, expressing 
conservation of mass, momentum and energy. 
Appropriate forms of these equations are given in many 
places, e.g. in Bird et al. [27, Table 10.4-l]. The 
equations can be written in the following non- 
dimensionalized form : 

i?p/& + V * (p P) = 0 (continuity) (1) 

I 
_ p g+(v.v)P 

1 
=-;vP-ny$7.r, 

(momentum) (2) 

-&x$~(T:VP) (energy). (3) 

The various symbols are defined in the nomenclature. It 
has been assumed that there is a constant gravitational 
acceleration 9 in the negative z-direction. The 
components of the stress tensor tare given by Bird et al. 
[27, Table 3.41, for several coordinate systems. It 
should be noted that the characteristic velocity /zI is as 

yet unspecified, while 6 = jIl’/(gL), E = gL/c$ and 
4 = c~/(c,,O,). The parameter E represents the ratio of 
the physical depth L to the characteristic hydrostatic 

depth ci/g. Under ‘normal’ conditions (p z 0.1 MPa, 
0 z 300K,g % lOms_2),thelatterdepthisoftheorder 
of 10 km for gases like air, and of the order of 10 m for 
liquids like water. The parameter 4 = (7, - 1)/y, for an 
ideal gas ; for a liquid under normal conditions it is of 
the order of 10m4. It is assumed throughout this paper 
that 4 is at most of the order of 1. The product a0 equals 
unity for an ideal gas, and is of the order of 0.03-0.3 for 
most liquids under normal conditions. In the expansion 
procedures of the following Sections 3-5, a,O, is 
considered to be a number of order 1; in Section 6, it is 
assumed to be of the same order as the small parameter 
a,AO. 

Equations (1H3) must be supplemented by the 

thermal and caloric equations of state. These are 
supposed to be given in the form 

P = P(P. T) (4) 

cp = CD(T). (5) 

Furthermore, the transport coefficients are supposed to 
be given in the form p = p(T), x = ti(T). The neglect of 

the dependence of cpr p and ti on P is justified for most 
cases ofpractical interest ; if necessary, this dependence 
can readily be taken into account also. 

The motion is supposed to be driven by either a heat 

source distribution Q,Q, or by a prescribed tempera- 
ture difference A0 at the boundaries. Tn the former 
case, a consistent set of equations is obtained by setting 
the parameter S equal to a,,,Q,,, times the nondimension- 
alized strength of the heat source : 

(5 = G,Q,L/~,,~,,,,P). 

It then follows that 

(6) 

(7) 

(8) 

If Q, = 0, but A0 # 0, equation (6) is replaced by 

6 = a,AO (9) 

which leads to 

b = (x,AO~L)“~. (10) 

In either case, it follows that v,/(j?L) = Gr; ‘12, where 
the Grashof number is defined as 

Gr 
m 

‘I3 
(lla) 

or 

Gr, = a,g~AQ/v~ (1 lb) 

as appropriate. While it is assumed that either Q, = 0 
or A0 = 0, the method used can readily be extended to 
cases where both Q, and A0 are non-zero. It should be 
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Table 1. Values of the parameters E and 6’ 

Strongly heated, shallow fluid 
(Section 3) 

Weakly heated, deep fluid 
(Section 4) 

Weakly heated, shallow fluid 
(Section 5) 

Strongly heated, deep liquid 
with small coefficient of 
thermal expansion (Section 6) 

E 6’ = 6/c&b), 

CC 1 O(1) 

O(1) C 1 

<< 1 << 1 

O( 1) << (CCJJ ’ 

noted that the ratio ofthe characteristic velocity fito the 
speed of sound a is given by p/a = (~E)“~(c,,,/u), where 
the factor cJa is of order 1 for gases, and much smaller 
than 1 for liquids. As a consequence, satisfaction of the 
inequality (6~)“’ <c 1 guarantees that fi << a. 

The magnitude of the parameter Gr; ‘I2 appearing in 
equation (2) is an indication of the thickness of the 
viscous boundary layers that may be present in the flow. 
Similarly, the magnitude of the parameter Pr; ’ Gr, li2 

appearing in equation (3) is an indication of the 
thickness of the thermal boundary layers. It is assumed 
throughout this paper that Gr, 1’2 is at most of order 1, 
so that the flow is not dominated by viscous effects. 
With this assumption, the scaling used results in 
equations with variables that are all of order 1. 

The various cases considered in the following 
sections are summarized in Table 1. Table 2 lists the 
values of 4, cc0 and Kp for an idea1 gas, as well as typical 
values for a liquid. 

3. STRONGLY HEATED, SHALLOW FLUID 

A strongly heated, shallow fluid here is defined as one 
subject to the conditions E << I, S = C1~,,,Om, where C, 
is a constant of order 1. The corresponding temperature 
variations are of order 1. The condition on 6 implies 
that either [QJ(p,cp,0,)]2/3(L/g)1’3 or AO/e,,, is of 
order 1. The corresponding characteristic velocity is 
/3 = (C,cc,f!J,gL)1i2. Expanding in powers of E yields 

P = P,(F,t)+EP1(<t)+..., p = p,(r,t)+O(E), 

T = T,(f,t)+O(c), P = Vo+O(E), 

C,, = '+,(To)+O(E). K = K,J(To)+O(E), 

P = PLg(TO)fW, 1' = Yo(TJ)+W, 

t = s&Lg. ig+O(c), CkJ = (c&+0(&). 

DE BOER 

Here, use was made of the Taylor series expansion 

f[T(E)l =f(To+ET1+...) 

=f(T,)+cT, df(T,)/dT,+... 

from which it follows that fO(TO) =f(T,), f,(T,, Tl) 
= ‘I’1 df(T,)/dT,. Equation (2) yields to order E- ’ 

P, = P,(t). (12) 

The nondimensionalized heat source distribution 
Q is of order 1 by definition. Also by definition 
cp,,( 1) = tie(1) = ~~(1) = 1. Equations (l)-(3) become 
to order 8’ 

- 
f$ +V.(poVo) = 0 (13) 

po ~+(Vo.V,& [- 1 
=- &ypl 

f3To 

1 

1 
POC,O at +(%*WT, = 

Pr, Grz’ 
V -(~ovT,) 

+(uS),+2 +C,Q. (15a) 

Comparison of equation (15a) with equation (3) shows 
that the viscous dissipation term has disappeared, and 
that an important simplification has been achieved in 
the pressure term. The latter term no longer is coupled 
to the pressure occurring in the momentum equation. 
Without this simplification. computational schemes 
basedon the vorticity-stream function method(see, e.g. 
Roache [28]), and on marching forward in time require 
that the pressure field P(F,t) be extracted from the 
momentum equation at each time step. Computation of 
the pressure term in equation (15a) is straightforward 
for an ideal gas (see below). For a liquid, the term can 
ordinarily be neglected. Computation of the term with 
VP, in equation (14)can be avoided by taking the curl of 
this equation [28]. 

For an ideal gas, the equation of state in the present 
notation is P = pT This yields to lowest order 
PO = p,T,. Using this result together with equation 
(13) to replace dP,/dt in equation (15a) yields, after 

Table 2. Values of the parameters 4, ~0 and Kp 

Ideal gas (Yin- 1)/Y, 1 1 
Liquid (typical) x 1O-3 .(p, in MPa) 2 10-l x 10-3*(p, in MPa) 
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some algebra 

-P,(V* vo)+ LC,Q Y,---l 1 . (15’4 

This form of the equation allows computation of aTo/& 

for given T,(?, t), ro(f, t), po(?, t) and Q(?, t). If the gas is 
contained in a fixed volume r, conservation of total 
mass is expressed by 

d 
-j p,dT=O. 
dt r 

Application of this relation together with the ideal gas 
law leads to 

(16) 

which allows computation of dP,/dt. With both aTo/& 

and dP,/dt known, ap,/& can be found from the 
relation 

%O 1 dP, PO 3% -= 
at To dt 

---. 
T; at 

(17) 

The set of equations (13H17) represents a com- 
pressible analog of the Boussinesq approximate 
equations. Important features of this analog are the 
appearance of zero-order quantities, only (except for 
the term with the perturbation pressure P, in the 
momentum equation), and the appearance of a 
pressure-dependent term in the energy equation. 
Neither equations (13H17) nor the Boussinesq 
equations have the ability to describe sound waves, or 
phenomena related to such waves. In the case of 
equations (13H17), this is a consequence of the 
independence of the pressure PO on r. As a result of the 
absence of sound waves, numerical solution schemes 
that are explicit in time are not subject to the Courant- 
Friedrichs-Lewy condition on the time step (cf. Roache 

CW). 
For a liquid under ‘normal’ conditions (p,,, 1: 0.1 

MPa, 0, N 300 K), the term with 4 in equation (15a) 
can be neglected. Furthermore, the equation of state 
can be written as 

~o=exp(-~lTOc&,,dTO) (18a) 

where a term l?Kp, dPo in the argument of the 
exponential has been neglected. This isjustified because 
Kp is of the order of 10m4 for liquids under normal 
conditions. The dependence of CI on T follows from the 
equation of state, equation (4). For the special case that 
GL is independent of 7; equation (18a) simply becomes 

p. = exp C-GMT,-Ql. (18’4 

As mentioned before, the numerical solution of the 

equations obtained by the vorticity-stream function 

method involves taking the curl of equation (14). This 
means taking derivatives of p. in the term with k. The 
resulting terms are of order 1 even if cc,,@,,, is small. 

4. WEAKLY HEATED, DEEP FLUID 

If 6’ = 6/(~,&,,) << 1, use can be made of the following 
expansions 

P = Po(&; z)+i?‘P,(&; r, t)+0(cs2) 

p = po(E; z)+Yp,(c; r, t)+0(cY2) (19) 

T = TO@ ; z) + 6’Tl(c ; r, t) + O(S”). 

The leading terms of these expansions represent the 
unperturbed state, which depends on both E and the 
vertical coordinate z, but is taken to be independent of 
time t. The velocity in the unperturbed state is taken to 
bezero. The higher order terms P,, pl, T,, etc. are taken 
to be dependent on position rand time t, as well as on E. 
For a shallow fluid (E << l), each term can be expanded 
in powers of E; however, this expansion is postponed 
until results for a deep fluid have been obtained. For the 
latter fluid E is of order 1, with the understanding that 

the characteristic pressure P,,, and the characteristic 
density P,,, are to be evaluated at the bottom of the fluid 
in its hydrostatic adiabatic state. Additional expan- 
sions are 

B = & + O(8), K = tio( To) + O(6’) 

7 = zo(po, 6)+0(6’), /* = AT,)+ O(W (20) 

cp = cpo( To) + 0(6’), ~8 = (a@,( To) + O(8). 

The lowest order term in the expansion of P is denoted 
by & because it does not belong to the unperturbed 
hydrostatic state described by PO, p. and To. In the 
expressions just given, the possible dependence of the 
zero-order quantities on PO is neglected. 

Equating terms of order l/6’ in equation (2) yields 

dP,/dz = -&po. (21) 

Using this result together with equation(3) to order (6’)’ 
yields 

dT, 
PO%Ol/,z~ = pr 

1 d dTo 
Gr’,2 z x0x 

m m ( > 

- (~@o=#vo K,. (22) 

The unperturbed temperature To must be independent 
of the thermally induced velocity V, z. This requires that 
the first term on the RHS of equation (22) is zero 

(d/dz)(K, dT,/dz) = 0 (23a) 

and that the remaining terms are equal. The latter 
condition is automatically satisfied if VIZ = 0. This 
corresponds to the case in which small perturbations do 
not induce a velocity field, i.e. to an unperturbed 
situation that is stably stratified. Excluding this case 
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from further consideration, the condition becomes 

c,,” d7Jd: = -(a(&+& (23b) 

This equation can be restated in the form ds,/dz = 0, 
since the entropy s0 of the unperturbed state follows 
from ds, = cpO dT, +(ctO)& ’ dP,, while dP, is given 
by equation (21). Consistency of the perturbation 

scheme adopted requires that equations (23a) and 
(23b) be satisfied simultaneously. This is possible if, and 
only if, the ratio cpo/(r,O,ti,) is a constant. The solution 
then is given by 

The dependence of PO and P, on z must follow from 

integrating equation (21) while taking account of the 
equation of state, equation (4). The resulting solution is 
the hydrostatic adiabatic state. The temperature and 
density fields of this state correspond to those of a fluid 

particle rising or descending isentropically in the 
corresponding pressure field. It should be noted that 
the adiabatic state must be maintained by a constant 
heat flux in the vertical direction; in this sense, it 
actually is non-adiabatic. States with a temperature 
gradient larger than that given by equation (23b) are 
stably stratified. On the other hand, states with smaller 
temperature gradients are unstable. Temperature or 
density perturbations of the latter states are subject to 
amplification, and result in self-excited motion with 
amplitudes that are not necessarily small. The present 
theory is not applicable to such motion, but is limited to 
motions forced by the perturbation, with amplitudes of 

the same order as the perturbation. 
For the case CI,,$,,,E~ << 1 [shallow gas, or a liquid of 

depth L << c,J(gcc,)], the hydrostatic adiabatic state 
can be written as 

+ o(a,o”,6(/))2. 
For an ideal gas, K,p, = a,,$, = 1, so that the terms in 
the square brackets become l/(y,- 1). For a liquid, 
Kp/c$ typically is oforder 1, while aQ typically is of order 
0.0330.3, as mentioned before. For example, for water at 
0.1 MPa and 300 K, K~/I$ = 0.56, a0 = 0.08. Thus, the 
first term in the square brackets typically is dominant 
over the second one. The square bracket term may also 
be written as K,pmccmj(cpm~). 

Returning to the general case CL,U,E~ = O(l), it is 
found that the perturbed state is governed by equations 
(lH3) to order (8’)‘. (8)’ and (6’)‘, respectively 

v*(p,p,) = 0 (26) 

- & [V. ro] (27) 

1 
x@ro:V%). 

Here, tii = ‘Pi drc(T,)/dT,, cp, = ‘Ii dc,(To)/dTo and 
(afl), = Tl d[aH(T,)]/dT,. In the derivation ofequation 
(28), two terms with p1 - V are found to cancel in view of 

equations (21) and (22). The parameter s~,Q,,,E~ 
occurring as a coefficient in the dissipation term of 
equation (28) has previously been discussed by Ostrach 
[29]. Ostrach pointed out that this parameter can be 
large for fluids in high speed rotating machinery (large 
g), and for fluids near the critical point (large a). 
Turcotte et al. [23] called it the dissipation parameter, 
and investigated its influence on the thermally driven 
motion of a fluid with zero compressibility. 

Before obtaining further results, it is helpful to specify 
whether the fluid is a gas or a liquid. 

4.1. Ideal gas 
For an ideal gas with constant specific heat and 

thermal conductivity (cpo = k’. = 1), the unperturbed 

state can be written in a simple closed form 

To = 1-5% p, = ~~m/lYm~ 11 

p. = ~pm- 11. (29) 

When use is made of these relations, it is consistent to 

set p. = 1 in the evaluation of to. 
The perturbation density p, in equations (27) and 

(28) follows from equating terms of order 6’ in the 
expansion of the ideal gas equation P = p T 

PI =Po (30) 

As mentioned before, 4 = (Y,,, - 1)/y, for an ideal gas. 
Furthermore a0 = (a@, = 1, (a@, = 0. If the gas is 
maintained at constant volume to order 8, conserva- 
tion of mass requires that j,-P, dI = 0. This condition 
determines the reference level of the perturbation 
pressure P, (i.e. the arbitrary constant that results when 
P, is evaluated from VP, in the vorticity-stream 
function method). 

The set of equations (26H30) constitutes another 
compressible analog of the Boussinesq approximation, 
applicable to a weakly heated, ideal gas with depth of 
order 1. Important features of this analog are the 
appearance in the energy equation of two terms with P, 
and a term with p, V, I, as well as the dissination term 
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4.2. Liquid equation (39) follows from equation (30) to order co 

Substituting expansions (19) into the equation of 

state, equation (4), yields to order 6’ 

Pl = PoKAlP1 -%RnT,). (31) 

For a liquid with L CC cpJ(gcr,), the terms with 4 and 
Kp, in equations (25H28) and (31) can be neglected. 
The resulting equations are 

T,=p,=l, P,=l--El? (32) 

vp, =o (33) 

PIO = PI,-TIO. (414 

If the gas is maintained at a constant volume F, 
conservation of mass to order 6’ is expressed ‘by the 
condition 

s pIo dl- = 0 
I- 

Substitution ofequation (41a)into this condition yields 

z +(V, .V)T, = 
1 

Pr, G,.;/2 v2Tl + Q. (35) 

The quantities cp,, and Q both are equal to one in view 
of the first of equations (32). Equations (33)(35) 
constitute the well-known Boussinesq approximation, 
derived here for a weakly heated (6’ << 1), deep (E of 
order 1) liquid, subject to the restriction L<< cp,,,/(gcc,) 
(i.e. NJ,+ << 1). 

5. WEAKLY HEATED, SHALLOW FLUID 

If 6’ << 1 and E K 1, use can be made of the following 
expansions for the first-order quantities appearing in 

equation (19) 

Pr(a; r, t) = P~,(r,t)+EP1*(1;t)+O(E2) 

PI@; r,t) = p,,(f,t)+Ok) (36) 

TL(E; i=,t) = T,,(r,t)+O(&). 

Similarly, the lowest order quantities in equation (20) 
can be expanded as pi = vr,, + O(E), etc. It is assumed 
that 4 is at most of order 1, so that equations (25) yield 

&I = PO0 = PO0 = 1. Equation (27) now yields to 
order E- ’ 

VP,, = 0 (37) 

with the solution P,, = P,,(t). The form of PIa 
depends on the conditions at which the gas is 
maintained (see below). Equations (26)-(28) yield to 
order aa, E’ and E, respectively 

v* vi0 = 0 (38) 

% +(v;,.v)v*;, = - &WI 
_i PI0 1 

__ - G cv~~ool 
%Rn 

(39) 

1 
Pr, #/ v2T10 

@,a 
+ @@a,$ F + Q. (40) 

If the fluid is an ideal gas, the perturbation density p 1 o in 

P,, = r-l 
s 

T,, dl-. 
I- 

Combining this relation with equation (41a) provides 
the result 

plo = -T,,+T-’ 
s 

T,, dI’. (4lb) 
I- 

If, on the other hand, the gas is maintained at constant 
average pressure to order a’, so that P,, = 0, equation 
(4 1 a) becomes 

PIO = -TIo. (4lc) 

Equation (41b) reduces to equation (41~) in the limit 
that T,, is negligibly small everywhere except in a thin 
layer, such as the free convection layer on a vertical 
surface. 

Equations (38)(41a) with P,, set equal to zero again 

constitute the Boussinesq approximation. The need for 
letting P,, be a function of time if the gas is maintained 
at constant volume rather than at constant pressure is 
not mentioned in any of the papers referenced. The 
resulting extra term in equation (41 b) as compared with 
equation (41~) represents the effect of a uniform rise in 
perturbation pressure on perturbation density. The 
term with dP,,/dt in equation (40) represents the effect 
of uniform compression heating. 

If the fluid is a liquid under normal conditions, the 

term with 4 in equation (40) can be neglected. 
Furthermore, equation (31) yields to order E’: plo = 
-cQ,,,T~~. This again leads to the Boussinesq 
approximation. 

The validity of equations (38)-(40) is independent 
of the relative magnitude of 6’ and E. For 6’ K E( -cc 1), 
the thermally driven perturbations are much smaiier 
than the corresponding static variations. For E << 6’ 

(cc l), the static variations may be neglected, and 
the unperturbed state simply becomes the uniform state 
PO = pa = To = 1. 

If 6’ = Ce( << l), where C is a constant of order 1, an 
alternative treatment consists of setting 

P = P,(Z)+ aPi@, t) + E’P,(f, t) + o(E3) 

p = p,(z) +Epl(I. t) + 0(&l) (42) 

T = T,(z) + &T,(r=, t) + O(E~). 

Equation (2) then yields to order E -’ : VP, = 0, with the 
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solution P, = 1. Equation (3) becomes to order so 6. STRONGLY HEATED, DEEP LIQUID WITH 

SMALL COEFFICIENT OF 

THERMAL EXPANSION 

Because To must be independent of VI,, the solution of 
this equation is To = const. = 1. It then follows from 
the equation of state that p. = 1, so that the 
unperturbed state is uniform to lowest order in E. Next, 
equation (2) yields to order E- ’ : dP,/& = - 1, with the 
solution 

P, = -z+f(t). (43) 

Equations (lH3) become to order co, E’ and E, 

respectively 

v*v, =o (44) 

~+(v,.v)v~ =-&VP, 
“8 m 

= Pr Lrl,z V’r, +a,W; +CQ. (46) 
m m 

For a liquid under normal conditions the terms with 4 
can again be neglected, whilep, = - a,O,T,. This leads 
once again to the Boussinesq approximation. 

For an ideal gas maintained at a steady pressure to 
order &J(t) = 0 so that P, = -z. The equation of state 
then yields to order E 

p1 = -z-T,. (47a) 

If the gas is maintained at constant volume to order 
E, conservation of mass to order E requires jrpl 
dT = const. This constant can be determined from 
the initial conditions, using the relation p, = P, - T,. 
It follows that 

pt =---z--T, +T-’ (z+TI) dT+f-’ pi dl? 
s 

r (47b) 

(48) 

In the relations just given, the first order quantities 
P,,p, and Ts represent both the unperturbed state and 
the thermally driven ~rturbations. An arbitrary 
temperature gradient of order E can be added to the 
unperturbed state by setting TI = T; + Bz, where B is a 
constant of order 1. This results in replacing 7” by T 
and #VI, by (4+&V,, in equation (46). For the 
adiabatic state, B = - &, = -(Y,,, - 1)/y, [cf. the first of 
equations (25)], and the term with VI, disappears. The 
possibility of taking a state with an arbitrary 
temperature gradient of order F as the unperturbed 

In the previous sections, CL,,,&,, was considered to be a 
number of order 1. An alternative approach is to 
consider this quantity to be of the same order as the 
parameter 6, defined by either equation (4) or equation 
(9), and taking 6 instead of 6’ as the small parameter 

6 = c,cr,o, << 1. (49) 

Here, C, again is a constant of order 1, defined by either 

Q&/hw,,W) = C, (504 

or 

A@/&, = C,. (5Ob) 

The value of C, is limited by the condition 
C, << (or,&,,)-‘. Equations (49) and (50) are equivalent 
to equations (6) and (9), and the characteristic velocity 
again follows from B = (&J!J”~. Denoting E by C, to 
indicate that this parameter also is of order 1, use may 
be made of the following expansions 

P = P,(C,; z)+GP,(C,; i;,t)+o(s2) 

P = Po(C, ; 4 + &,(C, ; f, a + w21 
(51) 

T = T,(C,; r;t)+O(6) 

P = p,(C,; ?,t)+O@), etc. 

Equation (2) then becomes to order S-’ 

dP,/dz = - C,p,, (52) 

while the differential equation of state d In p 
= Kp, dP-a@, dT yields to order 6’ 

d In p. = K,p, dP,. (53) 

The term Kopm is retained in order to extend the 
validity of the results to very deep liquids. If the iso- 
thermal compressibility K = const. = K,, equations 
(52) and (53) have the solution 

P, = 1 -(K,pm)- 1 In (1 + C,K,pmz) 

po = (1 + C&&z)- ‘. 
(541 

Assuming that Q, is at most of order 1, the perturbed 
state in the general case with tem~rature-dependent 
fluid properties is given by equations (lj(3) to order 6’ 

V*(p,ii,) = 0 (55) 

po f$+(iqV)Q [- 1 

=+fP,kp,- & rv * %I (56) 
2 

1 
state was utilized by Rayleigh [4],and further discussed 
by Calder [ 133. 

= 
1 

Pr, Gr,!/* 
V*(K~VT~)+C,Q. (57) 
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Equating terms of order 6 in the differential equation of 
state and integrating yields (again taking K = K,) 

s TO 

(so/a,) dTb (58) 
1 1 

The constant of integration was determined by 
requiringp, = OforP, = O,T, = l.Equations(55)and 
(56) are identical in form with equations (26) and (27), 
respectively. On the other hand, equation (57) is 
significantly different from equation (28). The principal 
differences are the presence of a term with 4 V,,, of two 
terms with P,, and of a viscous dissipation term in the 
latter but not in the former. The assumption cpo = 1 
made in writing down equation (28) is not appropriate 
for equation (57), which specifically applies to cases 
with large temperature variations. 

If the liquid is at normal conditions (K,p, << 1) even 
though it is still deep (E = C,), equations (54H58) are 
further simplified. The resulting equations still 

incorporate temperature-dependent properties po, cPo, 
x0 and a,, but otherwise constitute the Boussinesq 
approximation. 

7. BRIEF SUMMARY 

Various sets of approximate equations have been 
obtained, using either the nondimensionalized depth E 
or the nondimensionalized strength 6’ of the heat 
source as small parameters. The first set obtains in the 
limit F + 0, and describes the motion of a strongly 
heated, shallow fluid [Section 3, equations (13H17)]. 
Compared with the fundamental equations of fluid 
dynamics, the main simplification achieved is that the 
pressure appearing in the energy equation is uniform, 
and is uncoupled from the pressure occurring in the 
momentum equation. The latter pressure occurs in the 
form of a gradient, and can be eliminated by taking 
the curl of the momentum equation. A second set of 

equations is applicable to a liquid, in the limit that 
a,H,G’ + O(Section 6). This allows inclusion ofthe case 
of a strongly heated liquid having a small coefficient of 
volume expansion [S’ = O(l), a,,@,,, K 11. The resulting 
energy equation [equation (57)] is found to be 
significantly different from the corresponding equation 
of a third set, applicable in the limit 6’ - 0, a,&,, = 0( 1). 
The latter set describes the motion of a weakly heated, 
deep fluid (Section 4). The unperturbed state is taken to 
be time-independent and quiescent. It is found that 
consistency of the perturbation scheme requires the 

unperturbed state to be the adiabatic state [equations 
(21H24)]. The Boussinesq approximation is recovered 
by carrying out a second expansion (Section 5). For a 
gas maintained at constant volume, and heated 
throughout the volume, the perturbation pressure P,, 

affects the perturbation density pi0 [equation (41a)]. 
For this case, compression heating due to the rise in 
perturbation pressure also must be taken into account 
[term with dP,,/dt in equation (40)]. If the heating 
parameter is of the same order as the depth parameter, 

while both are small, the unperturbed state no longer is 
required to be the adiabatic state. The motion of a liquid 
in this case is governed by the Boussinesq equations. 

For the case of a weakly heated, shallow gas, the rela- 
tion between perturbation temperature and perturba- 
tion density depends on the conditions under which 
the gas is maintained. Specific results are given for an 
ideal gas maintained at constant pressure to order 
E [equation (47a)], and at constant volume to order 

E [equation (47b)]. 
All sets of equations mentioned can account for slow 

‘internal’ waves. None of the sets contains acoustic 

waves ; the absence of these is a consequence of the 
vanishingly small ratio of the characteristic velocity p 
to the sound velocity. This greatly reduces the difficulty 
of solving the equations numerically, as compared with 
solving the full compressible equations [19-211. The 
main reason for the difference is that numerical schemes 

that are explicit in time no longer are subject to the 
Courant-Friedrichs-Lewy condition on the time step 
(cf. Roache [28]). As aresult, numerical solutions are no 
more difficult to obtain than solutions of incom- 
pressible flow equations. 

The present analysis is believed to be useful in the 
following respects : 

(1) It organizes past work on the subject in a 
systematic way, clarifying various differences and 
similarities. Several new results are obtained in the 
process. 

(2) All sets of equations derived allow the use of 
simple differential schemes of numerical solution. 
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APPENDIX 

COMPARISON WITH PREVIOUS RESULTS 

The work of Oberbeck [l] essentially concerns a liquid for 
which a,Alf << 1. Oberbeck neglected terms of order a,AH in 
the momentum and energy equations, but kept a term of that 
order in the continuity equation. Other simplifications in 
Oberbeck’s treatment are the neglect of the temperature 
dependence of the fluid properties, and the assumption of 
steady-state conditions. Apart from these points, Oberbeck’s 
equations (7t(9) correspond to equations (54)-$%X) of Section 
6 with f(,p, set equal to zero. In an attempt to solve these 
equations, Oberbeck [t] expanded atl quantities in powers of 
a. He assumed that the expansion of the dimensional velocity 
starts with a term oforder u. The present relation [j = (6gL)“* 
shows that this assumption is invalid, and that the leading 
term actually is of order x’~‘. Although Oberbeck’s 
assumption resulted in the appropriate form of the continuity 
equation, the ~orrespondiIlgmomesltum and energy equation 
can no longer be considered correct. 

In a subsequent paper. Oberbeck L2] considered the 
thermally driven motion of the atmosphere. He set the 
temperature equal to the sum of an unperturbed part 
depending only on the distance to the earth’s center. and a 
perturbation part depending also on geographical position. 
His resulting set of equations (3) is related to the Boussinesq 
approximation, but is not the same. 

The well-known work of Boussinesq L3] corresponds to the 
case b’ << 1, I: cc 1. Boussinesq based his approximation on 
qualitative arguments illustrated by a numerical example 
concerning the terrestrial atmosphere. This numerical 
example corresponds to E << 6’ <c 1. 

Rayleigh [4] was concerned with finding a theoretical 
explanation for the occurrence of Benard convection cells. 
Rayieigh adopted Boussinesq’s equations as his point of 
departure, and studied the growth of instability modes in a 
shallow layer of fluid heated from below. He divided the 
temperature into the sum of two parts: an unperturbed 
temperature proportional to height 3, and a remainder 
representing the pert~lrbation. The pressure was split into two 
analogousparts.Thisprocedure isequivalent to the procedure 
mentioned following equation (48). After linearizing the 
resulting equations, Rayleigh studied the growth of 
instabilities as a function of the unperturbed temperature 
gradient. 

Jeffreys [5] considered the form of the energy equation 
applicableto theinstabilityofacompressible~uid heated from 
below. He showed that marginal instability occurs when the 
unperturbed situationis theadiabatic state. Jeffreys concluded 
that what matters for the study of instabilities is the excess of 
the actual temperature gradient over the adiabatic one. 

Spiegel and Veronis [7] studied the case of a weakly heated, 
shallow gas. They split each of the state variables into three 
parts: theconstant space average; the variation in the absence 
ofmotion;and thefluctuationresultingfrom themotion.They 
then considered the equivalent of the z-component of the 
present equation (27). The first two terms on the RHS are 

where use was made of equation (30). Spiegel and Veronis 
argued that in the limit of small E, pOP,/PO can be neglected 
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with respect to(a/&)(P,/e). Thisisequivalent to setting p10 = 
- T,, [see equation (41c)]. Their final momentum equation 
(25) agrees with the present equation (39), with the provisions 
that the perturbation pressure equals I’,,, and that P,, = 0. 
Spiegel and Veronis set T,, = (B-I&& + T’,, in their 
equivalent to the present energy equation (40). Here, the 
temperaturegradient Bin theabsenceofmotionisdetermined 
by the steady-state heat conduction equation including a heat 
source term, while B,, is the adiabatic temperature gradient. A 
corresponding adjustment is made in p,,,. Their final energy 
equation generalizes Jeffrey’s result to flows that are unsteady 
and that have finite rather than infinitesimal perturbations v1 
and T,. As indicated in Section 5, certain aspects of Spiegel and 
Veronis’s work were further elucidated by Calder [13]. 

Chandrasekhar [30] derived the Boussinesq equations for a 
shallow layer of liquid using qualitative arguments. 

Mihaljan [lo] considered a liquid, and introduced two 
small parameters: a,At) and s1 = ti~/(p$$,,L!AO). His 
Boussinesq equations (4.4H4.6) can be derived from the 
present equations (54H58) by neglecting terms oforder K,p,. 
As noted by Mihaljan, small K,p, corresponds to a small 
depth of the liquid. While Mihaljan stated the corresponding 
condition to be K,p, << cc,AU, rederiving his results using the 
present equations(54H58) only requires K,p, cc 1. It should 
also be noted that equations (54H58) are based on the 
condition cc,AB << 1, without any limitation on .Q. In 
Mihaljan’s treatment, the need to introduce the condition 
Ed << 1 arises from the choice of characteristic velocity V 
= k-,/(p,c,,L) (V’ is denoted by fi in the present paper). With 
thischoice, thecoefficient G&,&L) ofthedissipation term in 
the energy equation (1) becomes Ed Pr, AO/O,. In Mihaljan’s 
work, the factor AOjO, was removed from this coefficient by 
nondimensionalizing the temperature with AU rather than 
with lJ,,, as in the present paper, thus leading to the condition 
Ed Pr, cc I. The dimensionless velocity resulting from 
Mihaljan’s formulation is not of order 1 numerically, except 
for the special case fi = (a,AHyL)“’ z ~,/(p,c~,L). For this 
case. both viscous and convective effects are of importance 
throughout the flow, and the condition EZPrm << 1 becomes 
equivalent to the present conditions 6 = a,AO << I, 
~4 Gr,“’ < I. 

Malkus [I 1, 121 considered the case 6’ << 1, E << 1 for both 
ideal gases and liquids. He used 6’ and c as expansion 
parameters, and took the adiabatic state as the unperturbed 
situation. Malkus’s results correspond to those of the present 
Section 5 with P,, set equal to zero. The absence of the terms 
with P,, in Malkus’s results followed from omitting the term 
with P,, in the scaling of pressure. 

Dutton and Fichtl [ 161 derived aset ofequations applicable 
to a weakly heated, deep fluid, using order of magnitude 
considerations. Their continuity equation (4.14) and 
momentum equation (3.8) agree with the present equations 
(26) and (27). respectively. They state that the vertical 
variations ofdensity and temperature in the unperturbed state 
are arbitrary (p. 243). which is at variance with the present 
equations (23b) and (24). They retained both zero- and first- 
order terms in the energy equation, and neglected some of the 
first-order terms because of the presence of analogous zero- 
order terms. As a result, the coefficient of the term with Viz 
in theirenergyequation(5.10)isdifferent from that in thepres- 
ent equation (28). The present coefficient is recovered from 
their equation (5.9) when all first-order terms are retained. 
Their equation (5.10) is less detailed than the present equation 
(28), because the heat conduction term, the viscous dissipa- 
tion term, and the heat source term all are combined in a 
term representing the rate ofentropy increase. Taking account of 
this. and also of the present zero-order solution (29), Dutton and 
Fichtl’senergy equation (5.11) for an ideal gas nevertheless agrees 
with the equation for an ideal gas following from the present 
equation (28). This agreement does not hold for the case of a 
liquid. 

Cough [ 171 considered the case of a deep fluid with small 
relative fluctuations in density and temperature. He invoked an 

unperturbed state in which the temperature gradient is 
maintained by a zero-order heat source distribution. This is 
equivalent to adding a heat source term to the present equation 
(23a). In deriving the perturbation equations, Gough took an 
average over the fluctuations. His final equations (4.15H4.22) 
combine the two orders ofthe mean equations and the fluctuating 
equations. Following Ogura and Phillips [6] and others, Gough 
referred to these final equations as the anelastic approximation. 

The results of Dutton and Fichtl [16] and Gough 1173 were 
extended by Kovshov [18] to the case that the referencelield has 
time-dependent variations in the direction of gravity. Kovshov 
showed that between the ‘anelastic’ approximation and the 
Boussinesq approximation there is an intermediate approxim- 
ation, which he called the ‘approximation of mesoscale 
convection’. The three cases are distinguished by the relative 
order of magnitude of the time and height scales of the 
perturbations. 

Gebhart [S] derived the Boussinesq equations for the case of a 
weakly heated. shallow fluid. He presented an order of magnitude 
analysis of the various terms in a nondimensionalized set of 
equations equivalent to the present equations (lH-1). In the 
present notation, his parameter R, (as defined on p. 324) equals 
a&& while R, = %,A@ The parameter R, is an indication of 
relative height z/L while R, = X,B,EC#J Pr, represents the ratio of 
the viscous dissipation term to the thermal conduction term. The 
parameter R, is of order a,,&,.$/AH, and is characteristic for the 
magnitude of the pressure term in the energy equation. As shown 
in Section 5, the latter term can be neglected for a liquid under 
normal conditions because then 4 << 1, and also for a gas 
maintained at constant average pressure to order 6 because then 
P,, = 0. Gebhart’s parameter R, is characteristic for the 
magnitude of the viscous dissipation term in the energy equation. 
For a weakly heated fluid, this term is of order r,U,@/Gr~‘* 
in the present notation. It is ofimportance only when c(,O,,& is 
of order 1, i.e. for a deep gas or a very deep liquid [cf. equation 

(28)]. 
Plate [U] considered a weakly heated, shallow ideal gas, which 

he treated by a method similar to that of Spiegel and Veronis [7], 
Plate took the adiabatic state as the unperturbed situation. He 
remarked that dropping the term equivalent to P,, in the present 
equation (41a) implies an assumption on the ratio P,,,IT,,. 
Plate’s energy equation (2.28) still contains the viscous 
dissipation term. in contrast to the present equation (40). In 
further developments [equation (3.2) et seq.], Plate assumed that 
this term can be neglected. 

Cordon and Velarde [14] reconsidered the approach followed 
by Mihaljan [lo], and pointed out various inherent difficulties of 
this approach. After taking account of Malkus’s treatment [l I, 
121. they formulated a theory for the perturbations of an 
adiabatic hydrostatic reference field. Cordon and Velarde 
presented a solution for the temperature, density and pressure of 
this reference field for the class of fluids obeying the relations lil 
= const., ?,,,K/rl = const. (here, -denotes dimensional quantities 
other than K, c( and 0). This excludes ideal gases, for which ?, K/a 
= I/[(7 - I )p] # const. Cordon and Velarde’s solution for the 
reference field is a special case of the present equations (24). (21) 
and (4), with one significant difference. They wrote the condition 
ofconstantentropyasd.?/dZ = ?” dU/dE-(aH/KP2)d~/d?. butdid 
not take account of the thermodynamic identity d3 = ;,,dO 
-(aH/b) db. The latter yields the present equation (23b), which 
determines the temperature gradient. This contradicts Cordon 
and Velarde’s statement that the temperature gradient can be 
chosen arbitrarily. As discussed by Calder [13] as well as at the 
end ofthepresent Section 5, an arbitrary temperature gradient 
of order E may indeed be added to the unperturbed state of a 
shallow fluid. The corresponding reference state is subject to 
the present equation (43). Similarly, an arbitrary temperature 
gradient of order 6 may be added to the unperturbed state of a 
weakly heated fluid. In deriving equations for perturbations of 
the reference field, Cordon and Velarde used different 
expansion parameters for density and temperature. Their 
energyequation(6.30)contains thematerialderivativeDp/Dt, 
which isabsent from Mihaljan’sequivalent result4.6. It can be 
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shown that each of these equations can be derived from the 
present equation (40). In Mihaljan’s case, this is accomplished 
by setting dP,,/dt equal to zero, while in Cordon and 
Velarde’s case dP,,/dt is expressed in terms of ap,,,/& and 
aT,,/&, using the general equation of state T = T(P,p). The 
latter procedure is universally valid, while setting dP,,/dt 
equal to zero specifies the conditions under which the gas is 
maintained [see also the present equations(41aH41c)l. It can 
be concluded that the latter specification is the origin of the 
difference in the equations mentioned. Cordon and Velarde’s 
expansion parameters vi and q2 correspond to the present 
parameters 6’and E, respectively. Cordon and Velarde stressed 
that these parameters are of the same numerical order of 
magnitude for typical conditions of physical interest. 

GrayandGiorgini [15] treatedbothgasesandliquids.They 
noted that a meaningful velocity scale must be related to the 
intensity of motion, and that scales related to the molecular 
diffusivities such as introduced by Mihaljan [lo] are 
unrealistic. The present equation (10) agrees with the scale 
introduced by Gray and Giorgini. Using this scale together 
with other appropriate scales, they nondimensionalized the 
fundamental equations of fluid dynamics, and derived the 
Boussinesq approximate equations by requiring eleven 
dimensionless parameters to be small. Eight of these involve 
derivatives of cp, p, G( and ri; their smallness is equivalent to 
neglecting vartations in the latter four quantities. The 
remaining three parameters are, in present notation, cc,AO, 

EK,P, and a,,$,,&. Gray and Giorgini’s ‘extended’ 
Boussinesq approximation for a liquid can be recovered from 
the present equations (54) by taking the limit K,p, + 0, while 
retainine terms of order c(_tl~~/A0 and a,0,d (i.e. of order 4) 
in the derivation ofequat&‘(57). Gray and Giorgini point out 
that this approximation still contains terms representing every 
distinct physical mechanism that was present in the original 
set. Their ‘strict’ Boussinesq approximation results from 
neglecting in addition the terms with 4. In the present work, 
terms of order K,p, and 4 are either both retained or both 
neglected, on the basis of numerical considerations. If the fluid 
is an ideal gas, Gray and Giorgini’s parameters si and sZ 
correspond to the present 6 = An/o, and I: = gL/ci. 

respectively. The present extension of the Boussinesq 
approximation is based on 6 << 1, E = O(l), and is given 
by equations (26)-(30). Gray and Giorgini’s extension is 
recovered from these equations by setting p0 = 1, T, = 1, 
P,=-T,and(a@,=c,,=O. 

The case of a strongly heated, shallow fluid has previously 
been considered by Foster and Emery 1191, who presented 
sample calculations of two-dimensional incompressible and 
compressible free convection flows. Their equations (4) 
correspond to the two-dimensional form of the present 
equations (13H15aj with the heat source term set equal to 
zero. Their energy equation does not contain aT/at, which 
term has been replaced by terms with dP/dt and ap/dt, using 
the general equation of state T = T(P,p). They used an 
integral form of this energy equation to obtain the rate of 
pressure increase dP/dt. Forester and Emery noted that the 
equations do not contain acoustic waves, and described how a 
solution can be obtained by a finite-difference scheme. This 
scheme involves taking the divergence of the momentum 
equation, and solving the resulting elliptic equation for the 
perturbation pressure field. They called their computational 
procedure the General Elliptic Method. A similar but 
simplified set of equations was used by Rehm and Baum [20], 
who omitted the heat conduction term in the energy equation 
and the viscous term in the momentum equation. They 
stressed that the simplified equations still include important 
features of buoyant flows such as internal waves, while 
‘filteringout’highfrequency sound waves.Theynoted that asa 
result numerical solution of the equations does not require the 
extensive computer time necessary to determine the latter 
waves. This point was further stressed by Paolucci [21], who 
derived the equations used previously by Foster and Emery 
[ 191 in a systematic way, using the Mach number as a small 
expansion parameter. Poalucci and Chenoweth [31, 321 
presented numerical solutions ofthese equations applicable to 
the pressurized discharge of a gas from a container, and to the 
thermally driven motion of a gas in a channel with large 
prescribed temperature differences between the vertical and 
horizontal walls. 

MOUVEMENT THERMIQUEMENT INDUIT DES FLUIDES FORTEMENT CHAUFFES 

R&me-Une mbthode unifiee est utihsee pour d&river deux systemes d’equations approchee gouvernant le 
mouvement thermiquement induit des fluides fortement chauffes. On tient compte de la dtpendance a la 
temperature des propribtes des fluides. Les limites considerees correspondent a (a) on fluide peu profond, 
fortement chauffe; et (b) un liquide profond fortement chauffe avec un faible coefficient de dilatation. Deux 
limites adimentionnelles consider&es correspondent a(c) un hquide profond et faiblement chauffe. Pour le cas 
(a), (c) et (d), on utilise deux parametres de dtveloppement : la profondeur adimensionnelle E du fluide et 
l’intensiti adimensionnelle 6’ de la distribution de la source de chaleur. Le cas (a) correspond a E K 1; les 
equations correspondantes gouvernent la temperature, la masse volumique et la pression a un ordre peu eleve. 
Celui-ci est uniforme mais dependant du temps. Le cas (c) correspond a 6’ << 1. L’itat non perturbi pour ce cas 
est pris permanent et au repos ; ceci le restreint a l’itat appeli adiabatique. Quand il est applique a un liquide 
sous les conditions normales, le cas (b) conduit aux equations de Boussinesq avec des proprietts de fluide 
d&pendant de la temperature. Les systbmes d’equations obtenus sont tous bases sur une vitesse caracteristique 
qui est extremement petite en comparaison de la vitesse du son. Par suite les equations ne contiennent pas 
d’ondes acoustiques et leur resolution numerique n’est pas plus difficile que celle des equations de l’ecoulement 

incompressible. 
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THERMISCH ANGETRIEBENE BEWEGUNG STARK BEHEIZTER FLUIDE 

Zusammenfassung-Eine formale vereinheitlichte Methode wird verwendet, urn zwei S&e von 
Nlherungsgleichungen zu formulieren, welche die therm&h angetriebene Bewegung stark beheizter Fluide 
beschreiben. Die Temperaturabhangigkeit der Stoffwerte des Fluids wird beriicksichtigt. Folgende Fllle 
werden betrachtet: (a) Eine stark beheizte, flache Fluidschicht und (b) eine stark beheizte, dicke 
Flilssigkeitsschicht mit kleinem Volumenausdehnungskoeffizienten. Zwei zusltzliche FQlle werden in 
Betracht gezogen: (c) Eine schwach beheizte, dicke Fluidschicht und (d) eine schwach beheizte, flache 
Fluidschicht. Fur die Falle(a),(c) und (d) werden zwei grundlegende Parameter verwendet: Die dimensionslose 
Dicke E des Fluids und die dimensionslose Stiirke 6’ der Warmequellenverteilung. Der Fall (a) entspricht E << 1. 

Die resultierenden Gleichungen sind bei der Bestimrnung von Temperatur, Dichte und Druck von geringster 
Ordnung. Der Druck ist dabei gleichfijrmig verteilt, aber zeitabhlngig. Der Fall (c) entspricht 6’ << 1. Der 
ungestorte Zustand fur diesen Fall ergibt sich als stationlr und bewegungslos; dies beschrankt ihn auf den 
sogenannten adiabaten Zustand. Der Fall (d) ergibt sich aus Fall (c) unter der Annahme E cc 1. Die 
resultierenden Gleichungen enthalten die Boussinesq-Approximation und gelten unabhlngig von der 
relativen GriiBe von 6’ und E. Wen 6’ und E von derselben Grdgenordnung sind, so kann ein beliebiger 
Temperaturgradient dieser Gr6Benordnung dem ungestijrten Zustand iiberlagert werden. Fur den Fall einer 
schwach beheizten, flachen Schichteines idealen Gases,deren Volumen konstant gehalten und gleichmlrjigim 
Innern beheizt wird, beriicksichtigen die Gleichungen den EinfluB des gestiirten Druckes auf die Stdrung der 
Dichte. Der Fall(b) fiihrt auf eine Energiegleichung, die sich ganz wesentlich von der in Fall (d) unterscheidet. 
Bei Anwendung auf eine Fliissigkeit unter normalen Bedingungen fiihrt der Fall (b) zu den Boussinesq- 
Gleichungen mit temperaturabhangigen Fluideigenschaften. Dieerhaltenen Gleichungssltze beruhen alle auf 
einer charakteristischen Geschwindigkeit, welche verschwindend klein im Vergleich zur Schallgeschwin- 
digkeit ist. Als Ergebnis kann festgehalten werden, daB die Gleichungen keine akustischen Wellen 
enthalten und die numerische Liisung nicht schwieriger ist als bei inkompressiblen Striimungsgleichungen. 

TEflJIOBOE .QBIDKEHME CMJlbHO HAl-PETbIX ~HflKOCTEfi 

AwoTaunn-_Ann BbIBOL,dAByXCWZTeM IIpH6xixeHHblX ypaBHeHH~i.onLicbIBaEOIlU4X TeIlnOBOeABHxeHMe 

CHnbHO HarpeTbIX W,AKOCTefi,sCIIOnb3yeTC,l eAHHbIti I$OpManbHbIi? MeTOA. YWTbIEdeTCS 3aBNCHMOCTb 

CB~ACTB m~AK0c~rt 0~ TeMnepaTypbI. MccneAoBaHse npoeonrtrcs an51 cnyraee: (a) c5inbHo Harpe~0r0 

TOHKO~O CJIOIl XOfAKOCTH; H (6) CHJIbHO HarpeTOrO CnOI W~AKOCTH 6onbtUoii BbICOTbI C ManbIM 

K03I$&UWeHTOM 06beMHOrO paCUIlipeHEis7. ~OrIOnHHTenbHO paCCMiiTp&iBWJTCn Cny'Wi: (B) cna6o 
HarpeToro Cnou EHAKOCTH 6onbmoii BbICOTbI II (r) cna6o HarpeToro TOHKOrO Cn01l )I(HAKOCTH. B 
CJlyWnX (a). (B) N (r) ACnOJIb3yEOTCR ABa OCHOBHblX napaM‘?T~ paPJ,O%eHHZJ: 6e3pa3MepHbIe TOnLUHHB 

CAOIl XWAKOCTH I: II HHTeHCHBHOCTb paCnpeAe,IeHNX RCTOYHIIKB Te,Ina 6'. CnyYaii (a) COOTBeTCTByeT 

3Ha'IeHHXM E @ 1; UOny~eHHbIeypaBHeHH~~O3BOn~~TO~~Aen~TbTeM~epaTypy.~nOTHOCTbMAaBneHlle. 

flaB;leHE,e B o6nacTtl er0 HHJLUHX 3HaVZHNti ,lB.“ReTCII OAHOpOAHbIM. HO 3aBPfCSUUHM OT BpeMeHH. 

Cny'iaii (B) COOTBeTCTByeT 3Ha'leHHslM $'I I. flp&i 3TOM HeBO3MyLUeHHOe COCTOIIHAe WNTaeTCR 

CTaUHOHipHbIM H yCTOi+lllBbIM, 'IT0 n03BOJISleT npHHHMaTb er0 38 TaK Ha3bIBaeMOe aAHa6aTWfeCKOe. 

CJIyVafi (r) BbITeKaeT A3 pe3yJIbTaTOB Cny'Ias (B) TBK)Ke IlpH CG 1. Pe3ynbTrtpyHxIUie ypaBHeHWI 

npeACTaBnnK?T co6ofi npa6nemeHHe 6yCCliHeCKa H RBnRH)TCII CnpaBeAnEiBbIMB HeSaBHCHMO 07 

OTHOCHTeJIbHOrO3Ha'ieHAR BeJI&WfH~'Hc. Ecm 6’HE WMeK?TOA(AH HTOTme nOpSAOK,ToB B03MyLUeH- 

HOe COCTORHHe MOEHO AOnOnHHTenbHO BBeCTH npOH3BOnbHbIti rpaAHeHT TeMnepaTypbI TOrO Te 

nopnara. B cnyvae cna6o HarpeBaeMoro ToHKoro cnos riAeanbfior0 ra3a nocTowHor0 o6'beMa B 

ypaBHeHHSlX yWTbIBaeTCSl BnWIH)1e B03MyLUeHWl AaBneHW3 Ha BO3MyWeHHe WIOTHOCTA M HarpeB npL, 

C)KaTNH. B CJIYW’Z (6)nOnyqeHO ypaBHeHAe 3HeprWi. KOTOpOe CyuleCTBeHHO OTnAWeTCIl OT ypaBHeHHN 

AJISI cnyqaa (r). Ecm HCrIOnb30BaTb CJIyqafi (6) Anll EHAKOCTA npH 06bIqHbIX ycnosmx, MO~HO 

IlOnyWTbypaBHeHHe 6yCCHHeCKa C3aBWIU,HMAOTTeMne~TypbICBO~CTBaMA~HAKOCTH.~pH BbIBOAe 

CHCTeMbI ypaBHeHHic UpeAIIOnaranOCb, 9TO XapaKTepHCTWeCKaFi CKOpOCTb IIpeHe6peWiMO Mana 110 

CpaBHeHLfH, CO CKOpOCTbH) 3ByKa. no3TOMy ypaBHeHASI He BK,UO',afOT aKyCTWIeCKHe BOnHbI H HX 

wicnewioepe~eHltenpeAcTaBnneTHe 6onbruym cnoxHocTb,9eMpeluewieypaBHeHHB nnatiecwibfaeidofi 


